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V Introduction

Initial Value Problems

* Even from casual observation it is apparent that most physical phenomena vary both in space and
time.

* A consequence of this is that mathematical models of the real world almost inevitably involve
both time and space derivatives.

In this course we will learn how solve these problems computationally. We will study:

1. Problems involving only time derivatives,
2. Spatial problems.
3. Space-time problems.

General Initial value problem (IVP):
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It is assumed that the IVP is well posed (i.e., there is a unique solution that is a smooth function of
time). By smooth it is meant

that y(t) and its various derivatives are defined and continuous.

Fact: Most real-world problems are so complicated that there is no hope of finding an analytical
solution.

Example: To study molecular machinery such as nanogears it is necessary to solve a system
involving thousands of equations with a very complicated nonlinear function f.




The nanogears are composed of carbon (the grey spheres) and hydrogen (the white spheres) atoms.
The rotation of the tubes, and the resulting meshing of the gear teeth, was carried out by solving a
large system of IVPs.

Steady State Solution: y =Y is an equilibrium, or steady-state, solution if it is constant and satisfies
the differential equation.

Stable Solution: a steady-state Y is stable if any solution that starts near Y stays near it.

Asymptotically Stable Solution: If, in addition, initial conditions starting near Y actually result in
the solution converging to Y as t — o, then y =Y is said to be asymptotically stable.

Examples of IVPs

1. Radioactive decay
According to the law of radioactive decay, the mass of a radioactive substance decays at a rate that is
proportional to the amount present. To express this in mathematical terms, let y(t) designate the
amount present at time t. In this case the decay law can be expressed as
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T”'f = —ry, for 0<t
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If we start out with an amount a of the substance then the corresponding initial condition is

y(0) = o
In this decay law, r is the proportionally constant and it is assumed to be positive. Because the largest

derivative in the problem is first order, this is an example of a first-order IVP for y(t). It is also
linear, homogeneous, and has constant coefficients. Let us find the solution:

E> restart
> eq:=diff(y(t),t)+r*y(t)=0;
d
eq:= F y(t) +ry(t) =0 1.1
| t
> dsolve({eq,y(0)=alpha});
y(r)=oe "’ (1.2)

éonsequently, the solution starts at o and decays exponentially to zero as time increases. Note that y
= 0 is an asymptotically stable equilibrium solution for (1.1).

2. Logistic equation
In the study of populations limited by competition for food one obtains the logistic equation, which is



dyy y :

— = Ay(l —y), for O <t
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where

w(0) = o
It is assumed that A and o are positive. As with radioactive decay, this IVP involves a first-order
equation for y(t). However, because of the y2 term, this equation is nonlinear. Let Maple solve this
IVP:
> eq:=diff(y(t),t)=lambda*y(t)*(1l-y(t));

eq =< (1) =1y(0) (1=y(1) (1.3)

> dsolve({eq,y(0)=alpha});

o
y(1) = - . . (1.4)
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Now, the equilibrium solutions for this equation are y = 1 and y = 0. Because A > 0, the solution
approaches y = 1 as t increases. Consequently, y = 1 is an asymptotically stable equilibrium solution,
whereas y = 0 is not.

3. Newton’s Second Law

The reason for the prominence of differential equations in science and engineering is that they are the
foundation for the laws of nature. The most well known of these laws is Newton’s second, which
states that F = ma. Letting y(t) designate position then this law takes the form
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The above equation allows for the possibility that the force F varies in time as well as depends on

position and velocity. Assuming that the initial positionand velocity are specified, then the initial
conditions for this problem take the form

imn

= Flt.y, /). for 0 < t.

y(0) = a and y'(0) = 3.

This IVP is second order and it is nonlinear if the force depends nonlinearly on either y or y'. It is
possible to write the problem as a first-order system by introducing the variables

M1 =u.
Yz =1y

Differentiating each of these equations, and using the original differential equation, we obtain the
following

¥
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By introducing the vector y(t), defined as



the IVP can be written as
v'(t) =1t yv), for 0 <t

where the initial conditions take the form

and
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What is significant is that the change of variables has transformed the second order problem for y(t)
into a first-order IVP for y(t).Like the original second order equation, this one is nonlinear if F
depends nonlinearly on either y1 or y2.

Methods Obtained from Numerical Differentiation

The task we now undertake is to approximate the differential equation, and its accompanying initial
condition, with a problem we can solve using a computer. The question is, can we accurately
compute the solution directly from the problem without first finding an analytical solution? As it
turns out, most realistic mathematical models of physical and biological systems cannot be solved by
hand, so having the ability to find accurate numerical solutions directly from the original equations is
an invaluable tool.

We consider the problem of solving the I[VP
d? o
e, y), ftor O <1,
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where

w(0) = o
Our objective is to replace these with discrete variables so that the resulting problem is algebraic and
therefore solvable using standard numerical methods. The approach we take proceeds in a sequence

of five steps.
It is assumed in what follows that the interval is 0 <t <T.

Step 1
We first introduce the time points at which we will compute the solution. These points are labeled
sequentially as t0, t1,t2, ..., tM
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We confine our attention to a uniform grid with step size k, so, the formula for the time points is
t; =gk, for j=0/1,2,..., M.

Because the time interval is 0 <t < T we require tM = T. Therefore, k and M are connected through
the equation

T
k= e
Step 2
Evaluate the differential equation at the time point t = tj to obtain
u'ty) = fltsulis)). (1.22)
Step 3

Replace the derivative term in Step 2 with a finite difference formula using the values of y at one or
more of the grid points in a neighborhood of tj . This is where things get a bit interesting, because
numerous choices can be made, a few of which are listed in Table 1.1. Different choices result in
different numerical procedures, and as it turns out, not all choices will work.
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Table 1.1. Numerical differentiation formulas. The points =1, ra. zs, . .. are equally

spaced with step swe h = r;;1 — x;. The point n; 18 located between the left- and

rightmost points used mn the formula.

V Derivations of difference formulas
Let h be the stepsize. Then, using Taylor formula,

a2

+ 1 terms of the Taylor series.
If n=1 we have

Thus

. ) ) R h" )
ulr+h) =u(z)+hy'(z) + 5" (@) + - + ?yf”’w-‘) +

Jint1]

(n+ 1)1

2

e+ h)—yixr) h

¥y i
T =
jl'lll l\. # JrE

Centered difference formula
We take n = 2 to get

[> restart:

i.fl:n+]':|

e
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. . .. h s
ylo+h)=ylz)+ hy'(x) + ??J”[tﬁih

{> eql: =y (x+h) =convert (taylor (y (x+h) ,h, 3) ,polynom) +h*3*03;

r<E<r+h.

The last term represents the error in the approximation y(x + h) caused by the cuttof of the first n

(2.1.1)



eql :=y(x+h) =y(x) +D(y) (x) h + % D@ (y) (x) K2+ 1> 03

> eq2:=y(x-h)=convert (taylor (y (x-h),h, 3) ,polynom)+h*3*R3;

eq2:=y(x —h) =y(x) —D(y) (x) h + % D@ (y) (x) K + 1’ R3

7> eql-eq2;
i y(x+h) —y(x—h)=2D(y)(x) h+h’ 03—’ R3
> solve (%, (D(y)) (x));

1 y(x+h) —yx—h) =k 03+1R3
2 h

fn other words,

(r+h)—ylr+h) R .
HF{T} _ L ,-'Eh.'ﬁ-i"'-\ ] Fym{éj

Exercise: Obtain all other formulas given in Table 1.1

(2.1.1)

(2.1.2)

(2.1.3)

(2.1.4)

To start we take the first entry listed in Table 1.1, which means we use the advanced formula for the

first derivative:
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and n; is a point between tj and tj+1. Introducing this into the differential equation we obtain

yltirr) —wlts)
k

+ 7 = Fliuiti)),

or, equivalently,
yltipr) —ulty) +kmy = Ef (. uit;)).
From the initial condition we have that the starting value is

o = v,
We note that:

* This difference formula in uses a value of t ahead of the current position. For this reason it is

referred to as a forward difference formula for the first derivative.

* The term T, as it appears in the approximation represents how well we have approximated the



original problem. For this reason it is the truncation error for the method and is of order O(k).

« Itis essential that whatever approximations we use, the truncation error goes to zero as k goes to
zero. This means that, at least in theory, we can approximate the original problem as accurately as
we wish by making the time step k small enough. It is said in this case that the approximation is
consistent. Unfortunately, as we demonstrate shortly, consistency is not enough to guarantee an
accurate numerical solution.

Step 4. Drop the truncation error. This is the step where we go from an exact problem to one that is,
hopefully, an accurate approximation of the original. After dropping T the resulting equation is

Uit1 — U5 = kf(t5.u5).
or
Vi1 =y + Ef(t ), for j=0,1.2,... M —1. (1.28)
with
o = v,
This finite difference equation is known as the Euler method for solving the differential equation. It
is a recursive algorithm in which one starts with j = 0 and then uses to determine the solution atj =1,

then j = 2, then j = 3, etc. Because (1.28) gives the unknown yj+1 explicitly in terms of known
quantities, it is an explicit method.

Example
Let’s see how well Euler’s method does with the logistic equation (1.5). Specifically, suppose the
IVPis

i o |
% — 10y(1 —y), for 0 <t (1.30)
where

y(0) = 0.01. (1.31)

We will use the Euler method to calculate the solution for O <t < 1. In this case, k and M are
connected through the equation

1 .
k= —. (1.32)

M S

The finite difference equation in (1.28) now takes the form
ip1 =y + 10ky; (1 —y;). for j=0.1,2,... M —1. (1.33)
Taking M = 6, so k = 1/6, we have
£> restart:
> eq:=diff (y(t),t)=10*y(t)*(1-y(t));
d
eq i=d—ty(t)=10y(t) (I —y(1)) (2.1)

> exact_sol:=dsolve( {eq, y(0)=0.01}, y(t));
1

- 2.2)
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exact_sol :=y(t)




> Yexact:=unapply (op (2, exact_sol),t);
1

Yexact :=t— DERPVESTT 2.3)
B 1 +99e
> eulerl:=proc (M)
local k,j,L,y;
k:=evalf(1/M): y[0]:=0.01:
L:=[[0,y[0]]]:
for j from 0 to M-1 do
y[j+1l] :=evalf(y[jl1+10*k*y[j]1*(1-y[]]));
L:=[op (L), [ (3+1) *k,y[§+1111;
od:
L end:
> eulerl (6);
[10,0.01], [0.1666666667, 0.02650000000 1], [0.3333333334, 0.06949625001 ], 24)

[0.5000000001, 0.1772737855 ], [0.6666666668, 0.4203534363 ], [0.8333333335,
0.8264474778 1, [ 1.000000000, 1.0655008851]

with (plots) :
Lplots:=[pointplot (eulerl (4) ,color=blue) ,pointplot (eulerl
(16) , color=green, symbol=circle),pointplot (eulerl (64) ,6color=
black, symbol=box) ] :

[> g2:=plot (Yexact (t) ,t=0..1, color=red) :

> display([op (Lplots),g2]);
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Error

It is seen that the numerical solution with M = 4 is not so good, but the situation improves
considerably as more time points are used. In fact, it would appear that if we keep increasing the
number of time points that the numerical solution converges to the exact solution. Does this actually
happen? Answering this question brings us to the very important concept of error. The following
Maple procedure calculates the error at each step of the Euler algorithm.

> error_eulerl:=proc (M)

local k,j,L,y,L_error,errorl;

k:=evalf(1/M): y[0]:=0.01:

L_error:=[[0,0]]:

for j from 0 to M-1 do
y[3+1] :=evalf (y[j1+10%k*y [F1* (1-y[3]));
errorl[j+1] :=abs (Yexact ( (j+1) *k)-y[j+1]);
L error:=[op(L_error), [ (j+1) *k,errorl[j+1]]1];

od:

end:




> error_eulerl (6);
[[0,0], [0.1666666667, 0.02426481076], [0.3333333334, 0.1511702567 ],

[0.5000000001, 0.4225858166 ], [0.6666666668, 0.4677533297], [0.8333333335,
| 0.1503090591], [1.000000000, 0.06997536701]]

> Lplots_error:=[pointplot (error_eulerl (10),color=blue),
pointplot (error_eulerl (16) ,color=green, symbol=circle),
pointplot (error_eulerl (64) ,color=black, symbol=box)]:

> display (Lplots_error);
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In what follows we need three different solutions:

y(t;) = exact solution of the IVP at £ =1
Yi

y; = solution of difference equation at = ¢; calculated

exact solution of finite difference equation at ¢ = #;;

bv the computer.

2.5



We are interested in the difference between the exact solution of the IVP and the values we actually
end up computing using our algorithm. Therefore, we are interested in the error

e; = y(t;) - Tjl.

The question we are going to ask is, if we increase M will

E.\J.I'.r = |E.-'II:.T:I - ?J‘l'jrl

converge to zero or at least decrease down to the level of the round-off ? We want the answer to this
question to be yes and, moreover, that it is true no matter what choice we make for t = T. If this holds
then the method is convergent.

Let us rewrite the error as follows:
epr = |y(T) — uns + yag — Ul
We consider two sources of error:
w(T) — ym:
This is the difference, at t = T, between the exact solution of the IVP and the exact solution of the

problem we use as its approximation. As illustrated below, this should be the major contributor to
the error until k is small enough that this difference gets down to approximately that of the round-off.

> error_euler2:=proc (M)
local k,j,L,ye;
k:=1/M: ye[0]:=1/100;
for j from 0 to M-1 do
ye[j+1]:=ye[j]1+10%k*ye[]* (1-ye[3]);
od:
evalf (abs (ye[M] -Yexact (M*k)));
end:

> error_euler2(7);
B 0.0233879230 (2.6)

> pointplot ([seq([M, error euler2(M)],M=6..16)]);
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This is the error at t = T that originates from round-off when one uses floating-point calculations to
compute the solution of the difference equation. The last column of Table 1.2 gives the values of this
error at the first few time points. Getting values of 10E-18 or smaller, as occur in this calculation, is
about as good as can be expected using double precision. This fact is illustrated in the implentation
below:

> error_euler3:=proc (M)

local k,j,L,ye,y;

k:=1/M: y[0]:=0.01; ye[0]:=1/100;

for j from 0 to M-1 do
y[j+1] :=evalf[16] (y[31+10%k*y[j1* (1-y[31));
ye[j+1] :=ye[j1+10*k*ye[3j]* (1-ye[i]);

od:

evalf[22] (abs (ye[M]-y[M]));

end:

> error_euler3(6);

3.7321 107" (2.7)



> pointplot ([seq([M, error euler3(M)],M=7..15)]);
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For the logistic equation example considered earlier, the error eM = ly(T) - yMI from the Euler
method is plotted in below as a function of the number of time points used to reach T = 1. Since exact
arithmetic calculation is impossible when n is relatively big, we use 30 digits precision to simulate it.

> error_euler4d := proc (M)
local k, j, L, ye;
k := 1/M;
ye[0] := 1/100;
for j from 0 to M-1 do
ye[j+1] := evalf[30] (ye[j1+10*k*ye[3]* (1-ye[j1));
od;
evalf[30] (abs (ye[M]-Yexact (M*k)));
end proc:

> Pl:=loglogplot ([seq([k,error eulerd4(k)], k =1 .. 10000,1000)
], style=point):




> display (P1l);
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It is seen that the error decreases linearly in the log-log plot in such a way that increasing M by a
factor of 10 decreases the error by the same factor. In other words, the error decreases as kn, (k=T/M)
with n = 1. It is not a coincidence that this is the same order as for the truncation

error (1.24):

_ yltipa) — wlts)

+7j, (1.23)

where

r = —=y"(n;) (1.24)



and 1; 18 a point between ; and ¢, ;. Introducing this into (1.22) we obtain

yltien) —wlty)

T + 75 = flt;,ylts)) (1.25)
or equivalently,
Ylti) — ity + by = kfit; pit;)). (1.26)

At first glance, because the term that is neglected in (1.26) is  k ’cj = O(kz), one might expect that the

error would decrease as k%, However, k’tj is the error we generate at each time step. To get to T we

take M = 1/k time steps so the accumulated error we generate in getting to T is reduced by a factor of
k. Therefore, with a convergent method the order of the truncation error determines the order of the
error.

We are using the error at t = T to help determine how the approximation improves as the number of
time steps increases. In many applications, however, one is interested in how well the numerical
solution approximates the solution

throughout the entire interval 0 <t <'T. For this it is more appropriate to consider using a vector norm
to define the error. For example, using the maximum norm the error function takes the form

€oc = _max  [u(t;) — Tl (1.38)

To indicate how this differs from the error eM used earlier, (1.38) is plotted below, together withe,,,
for the logistic equation example. As expected, e, is larger than e, but its dependence on M is still O

(k).

> error_euler5 := proc (M)
local k, j, L, y,errorl,error2;
k := evalf[18] (1/M); y[0] := 1/100.;
errorl:=0.:
for j from 0 to M-1 do
y[3+1] := evalf[18] (y[j1+10*k*y[31* (1-y[3]1));
error2:=evalf[18] (abs(y[j+1l]-Yexact ((j+1) *k)));
if error2 > errorl then errorl:=error2 f£fi:

od;
errorl;
L end proc:
> error_euler5(1000);
B 0.004032652620425356 2.8)
> P2:=loglogplot ([seq([k, error euler5(k)], k =1 .. 10000,

L 1000) ], style = point,color=black):
> display([P1l, P2]);
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The earlier logistic equation is typical of what occurs in most applications. Namely, using the laws of
physics or some other principles one obtains one or more differential equations to solve, and the
numerical method is constructed directly from them. It is informative to see whether the steps can be
reversed. Specifically, suppose we start with (1.28) and ask whether it is based on a consistent
approximation of (1.18):
Egj = f(t.y), for O < f, (1.18)
dt

where
y(0) = . (1.19)

This is determined by plugging the exact solution into (1.28)
Yiv1 =45+ Efityu), for j=0,1,2,...,] M- 1.

[
it
i}
Sl

and seeing how close it comes to satisfying this finite difference equation.

Note that from Taylor theorem we have



yltivr) = wlty +F)
| 1 o
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1

= y(ts) + kF(t5u(t) + FR20(65) + (1.30)
Now, substituting y(t]) fortjin (1.28) yields
wltjp) = wity) + kf(E. ult;)). (1.40)

A question mark is put above the equal sign here, because we are investigating whether y(t) satisfies
(1.28) or, more precisely, how close it comes to satisfying this equation. With (1.39) the question of
whether (1.40) is satisfied can be written as

irl

§ 5 i f N J' Fry 5 ! f . f § LR
wlts )+ kf(tu(t;)) + E;-zy (t;)+ ... =wlty)+ Ef(t; ult;)),
or, equivalently,
1 _ 7 .
5@”@ +...=0. (1.41)

The conclusion from this last step is that y( t]) misses satisfying (1.28) by a term that is O(kz), and

from this it follows that the truncation error is O(k). Because the truncation error goes to zero with k
it follows that the method is consistent. Of course we already knew this, but the above calculation
shows that if necessary, it is possible to determine this directly from the finite difference equation.

Stability

Step 5§
It is not unreasonable to think that as long as the problem is approximated consistently, then the
numerical solution will converge to the exact solution as the time step is refined.

Unfortunately, as demonstrated shortly using the leapfrog method, consistency is not enough. To
explain what is missing, the approximation that produced Euler’s method means that even though y0
is known exactly, the method computes a value for y1 that differs a bit from the exact value y(t1).
Moreover, this difference affects the values of all the yj ’s that come afterwards. It is essential that
the method not magnify these differences as tj increases, and this is true irrespective of the time step
at which the error is produced.

This is the idea underlying the concept of stability.

There are various ways to express this condition and we will use one of the stronger forms,
something known as A-stability. This is determined by using the method to solve the radioactive
decay equation

i . i

&y _ —TY, (1.42)

dt

where



y(0) = e (1.43)

As before, it is assumed that r is positive. For this equation the Euler method (1.28) reduces to

Yip1 = (1 —rkjy;. (1.44)
The solution of this that satisfies the initial condition is
i = afl —rk)’. (1.45)
In fact,
[> simplify(o- (1 —r-k)! 1 — (1 = rk)-a- (1 — r-k)?)
0 2.9

In comparison, the exact solution to the IVP is y(t) = aexp(-rt), and this function approaches zero as t
increases. It is required at the very least that the numerical solution of this problem not grow, and this
is the basis for the following definition.

Definition 1.1. If the method, when applied to (1.42), produces a bounded solution irrespective of the
(positive) value of r and k, then the method is said to be A-stable. If boundedness occurs only when k
is small then the method is conditionally A-stable. Otherwise, the method is unstable.

The Euler solution in (1.45) remains bounded as j increases only as long as |1 - rkl < 1. This occurs if
the step size is chosen to satisty the condition k < 2/r. Therefore, the Euler method is conditionally
A-stable. It is worth looking at what happens in the unstable case. If we take a step size that does not

satisfy the stability condition, say k = 3/r, then y;= o (-2)7.

The solution in this case oscillates with an amplitude that increases as tj increases. This is similar to
what was seen when the Tacoma bridge collapsed, where relatively small oscillations grew and
eventually became so large the bridge came apart. Whenever such growing oscillatory behavior
appears in a numerical solution one should seriously consider whether one has been unfortunate
enough to have picked a step size that falls in the instability region.

One last point to make here is that one of the central questions arising when using any numerical
method to solve a differential equation concerns what properties of the problem the numerical
method is able to preserve. For example, if energy is conserved in the original problem then it is
natural to ask whether the numerical method does the same. As we will see, preserving particular
properties, such as energy conservation or the monotonicity of the solution, can have profound
consequences on how well the method works. It is within this context that the requirement of A-
stability is introduced.

The radioactive decay problem possesses an asymptotically stable equilibrium solution y = 0. A-
stability is nothing more than the requirement that y = 0 be at least a stable equilibrium solution for
the method (i.e., any solution starting near y = 0 will remain near this solution as time increases). As
we found earlier, the stability interval for Euler’s method is k < 2/r. On the interior of this interval, k
< 2/r, the equilibrium solution y = 0 is asymptotically stable because Y= 0 as tj — oo.

This observation accounts for why you will occasionally see a requirement of strict A-stability, where
boundedness is

replaced with the requirement that yj — 0 as tj — oo. The reason is that a strictly A-stable method
preserves asymptotic stability. Our conclusion in this case would be that Euler is strictly A-stable
when strict inequality holds, namely, k < 2/r.



Note
One might wonder why the radioactive decay problem is used as the arbiter for deciding whether a
method is A-stable.

To explain how this happens suppose the differential equation is a bit simpler than the one in (1.18)
and has the form y' = f(y). Also, suppose y =Y is an asymptotically stable equilibrium solution.

This means that the constant Y is a solution of the equation and any initial condition y(0) = a chosen
close to Y will result in the solution of the IVP converging to Y as t— . Now, to determine how the
solution behaves near y = Y let v(t) = y(t) - Y . Substituting this into the equation, one gets that v' = f
(Y +v). With a close to Y we have that v(t) starts out relatively small. Consequently, using Taylor’s
theorem,

f(Y +v)=1f(Y)+vf'(Y)+O(v2) = f(Y )+vf' (Y).
Because f(Y ) = 0 we conclude that v' = -rv, wherer= -f' (Y ).

Therefore the solution near y = Y is governed by the radioactive decay equation, and that is why it is
used to determine A-stability.

For the earlier example using the logistic equation,

dy . . R

— = 10y(1 — y). for 0 <1 (1.30)

At A 4 . .
f=Ay(l-y) and r = A(-1+2Y ). Because Y = 1, so r = A, then the stability requirement when using the
Euler method to solve the logistic equation is k < 2/A. Taking A = 10, then the stability condition is k
< 1/5. This helps explain the rather poor showing of the M = 4 curve, since k = 1/4.

Systems of equations

Another observation to make is that even though the discussion has centered on problems involving
one differential equation, the ideas are easily extended to systems of equations. For example,
assuming that the equation is y' = f (t, y), then the vector version of the forward difference used in
(1.23)

_oyltien) —wlty)

w'(ty) I: + 75 (1.23)
where :
n=—g¥"(n;) (1.24)
is
R T | AP R T ey o . )
}r.fll-rj.:l: LA N, -.ln._i'.-l +{.-'I|I_.II|'.'_I|. I:-J_.-iﬂ-.ll

Jt.'

Substituting this into the differential equation and dropping the truncation error produces the vector
form of the Euler method given in Table 1.3. This formula can be obtained directly from the single-
variable version in (1.28)

'Z_JI-.','+1 = n'JI'_', -|— l(lf‘l?‘_i. EJ'} l qu _.'- = D J. 2 ...... ‘1 [ —_ 1 |J.2:E"I'|



by simply converting the appropriate variables to vectors. The same is true for most of the other
methods considered in this chapter, the exception arising with Runge—Kutta methods and this is
discussed later.

Methods for solving the differential equation

Ly(t) =f(t,y)

Methad Ihiference Formula T Properties
Euler Vipr =¥, + ki, Ok Explicit;
Conditionally
A-stable
Backward Vil =¥ + Efin Ok Implicit;
Euler A-stable
Trapezoidal | yi41 = v + =(f; + fi41) O(k*) | Implicit;
A-stable
Heun vitt =vi + 5(ki + ka) O(k*) | Explicit;
(RKZ) where Conditionally
ki = kf; A-stable

ka = kfitip1.v; + ki)

Classical Vipl =¥; + Ly + 2hy + ks + ky) | O(KY) Explicit;

[

Runge- where Conditionally
Kutta ki = kf; A-stable
(RE4) ko = kf(t; + £.y; + 1kq)

ks = kE(t; + =.y; + 1ka)

kq = kfi{ti11.v; + ka)

Table 1.3. Finite difference methods for solving an [VP. The points #q, a3, fa,. ..
are equally spaced with step size & = ;41 — ¢;. Also, £; = £(#;, v;) and ; 15 the
truncation error for the method.

A limitation of approximating vector derivatives in this way is that every equation is approximated
the same way. For example, in (1.46) each component of the vector y'(tj) is approximated using the
Euler formula. There are situations in which it is better to use different approximations on different
components, and an example of this is explored in Section 1.6.

One last comment to make concerns A-stability for systems. The generalization of (1.42) for systems
is the equation y' = -Ay, where A is a matrix with constant coefficients.

Similar to what occurred earlier, this matrix can be thought of as derived from a local approximation



of the Jacobian matrix ofi/0y]

The requirement for A-stability remains the same, namely that the method produces bounded
solutions for any A that results in y = 0 being an asymptotically stable equilibrium solution of the
original problem. To illustrate what is involved, if A is diagonalizable with eigenvalues A1, A2, . . .,
An then y = 0 is an asymptotically stable equilibrium solution if Re(Ai) > 0, Vi. Now, Euler

applied to y' = -Ay yields the finite difference equation yj+1 = (I - kA)yj , where I is the identity
matrix. Using the diagonalizablity of A it is possible to reduce this to scalar equations of the form
zj+1 = (1 - kr)zj, where r is an eigenvalue of A. Consequently, the problem has been reduced to
(1.44), except that r is now complex-valued with Re(r) > 0. The conclusion is therefore

the same, namely that Euler is conditionally A-stable. This example also demonstrates that the scalar
equation in (1.42) serves as an adequate test problem for A-stability, and it is the one we use
throughout this chapter. Those interested in a more extensive development of A-stability for systems
should consult the text by Deuflhard et al. [2002].

1.2.2 Additional Difference Methods

The steps used to derive the Euler method can be employed to obtain a host of other finite difference
approximations. The point in the derivation that separates one method from another is Step 3, where
one makes a choice for the difference formula. Most of the formulas used in this book are listed in
Table 1.1. It is interesting to see what sort of numerical methods can be derived using these
expressions, and a few of the possibilities are discussed below.

Backward Euler

If one uses the backward difference formula in Table 1.1, then in place of (1.23), we get

yits ) —ult;—q)

y'(ti) = T + 75, (1.47)
where
Ii'll'l r k1 - L
= E_i:{,l”ll?“}l_ (1.4%)
Introducing this into (1.26),
yltj+r) —wlts) + ke = kf(t ult;)). (1.26)
we obtain
ult;) —wlt;_1) +kry = Ef(E5,ult;)) (1.49)

Dropping the truncation error 7j , the resulting finite difference approximation is
yi = ui—1 +Ef(t.u), for j=12..... M.
From the initial condition (1.19) we have that the starting value is
o = v, I:J.EI'].:I

—
[y |
=
!

The difference equation in (1.50) is the backward Euler method. It has the same order of truncation
error as the Euler method. However, because of the f(tj, yj) term this method is implicit. This is both
good and bad. Itis good because it helps make the method A-stable (see below). However, it is bad
because it can make finding yj computationally difficult. Unless the

problem is simple enough that the difference equation can be solved by hand, it is necessary to use
something like Newton’s method to solve (1.50), and this must be done for each time step. Some of



the issues that arise with this situation are developed in Exercise 1.33.

As for stability (Step 5), for the radioactive decay equation (1.42) one finds that (1.50) reduces to

1 { - k1
Yit1 = m:Uj- (1.52)

Assuming y, = a, then the solution of this finite difference equation is

yj=oc-(l +rk)_j
This goes to zero as j increases irrespective of the value of k. Consequently, this method is A-stable.

Another point to its credit is that the solution decays monotonically to zero, just as does the exact
solution. For this reason backward Euler is said to be a monotone method.

In contrast, recall that for Euler’s method the solution is
yi = afl —rk)!
If
—1 =1—rk <0,
which is part of the stability interval for the method, the resulting solution goes to zero, but it
oscillates as it does so. In other words, Euler’s method is monotone only if

ODsl—-rk<1
(i.e., it is conditionally monotone). The fact that backward Euler preserves the monotonicity of the
solution is, for some problems, important, and this is explored in more depth in Exercises 1.11 and

1.12. We will return to this issue of a monotone scheme in Chapter 4, when we investigate how to
solve wave propagation problems.

Example. Let us solve the following IVP (y(0)=1) with the Euler backward method

| > restart
> fi=(hy) > 5 — 142y
fim (t,y)—>% 2y (2.10)
> eqi=diff (y(1),1) =f(5,y(1));
eq ::%y(t) :% — 142 y(1) 2.11)

[>
Exact solution:

> soln :=dsolve({eq, y(0) =1});
soln = y(1) = % f ! 2.12)

Let's approximate y(1) using a step size of h = 3—10 This means we need N = 30 iterations.

1
> N:=30h:= —
N




30

Here's Backwards Euler's Method. Recall the Backwards Euler's is an implicit method. So we need to
solve
fory, each time through the loop.

L B (2.13)

f,=0and y, =1 (from our initial condition)

> t[0] := 0; y[0] :=1;
for n to N do
t[n] := t[n-1]+h;
yI[n] solve (X = y[n-1]+£f(t[n], X)*h, X)
end do;

2412581
5= 1613472
1

t6' 5
60717893
Y6 = 37647680
LT
77 30
2747364257
Y77 71581202560




4

15
41394937487
8= 22136835840

3

t9 = E
207712581963
9= 103305233920

1

th = 3
1874578499363
Y10 = 7867763964928
o
11 - 30
 140882642107201
11T T 60743477544960

t12 = 5
705425601828421
283469561876480
BN

13 - 30
 31772499038466593
Y137 11905721598812160

1

14 - 15
 476785914270312431
Y147 166680102383370240

1

5= 2
476785914270312431
155568095557812224

8

Le = E

__ 107237938686930843919
Y16 = 732669300067140567040

o
17 - 30
1607480103635057973217

Yo =

Yi5 =

V7= 457370200939967938560
3

g = g
8029777681492957067109

Y18 = 5134394271053183713280



)

19 -~ 30

__360913116812972431277249

Y9 = 89644559384233715957760
2

t20 T 3
_1081245274449180065232451
Y20 = T351004766275854404681728
P
21 - 10
_26989297733516859230030987
217 75856777879769936109240320
LA
22 15
_1212468525750339187713160303
Y227 79459846709503373 16588093440
L2
23 - 30
_ 18154229930128376173485658753
Y23 = T3443785393304722432233308160

e =g
90598960380976644745816628357

Y24 = 16070998502088704683755438080
5

hs =g
. 813783543578580932243974111405

Y25 = 134996387417545119343545679872
13

t26 = 15
_ 60910019079927486892233141482159
26 T 79449747119228158354048197591040
9
ly; = 10
_303920112258355557237562494238059
Y277 T 4409881988973 1405652224922091520
14
g = 15
_13647740818697674662016366041353167
Y28 = 71852150435368719037393446727843840
29
lyy = 30
_204283943845545752154853686383800609

Y29 = 755930106095162066523508254189813760



by =1

__ 203851775410626384379461882147303713 2.14)
| Y30 = 24201432355484595421941037243826176 )
> y[N]

203851775410626384379461882147303713 (2.15)
| 24201432355484595421941037243826176 )
Let's print out a decimal approximation of y,.

> yApprox = evalf(yN);
| yApprox := 8.423128533 (2.16)
[The exact value of y(1) is given below:

> yExact:=subs(t=N- h, rhs(soln));

yExact = % +¢ (2.17)

:The difference between the exact value and the approximated value gives us the "global truncation
| error".

> evalf (yExact— yApprox);
| -0.534072434 (2.18)

We could also write loop where the the difference equation is already solved.
£> restart

> f::(t,y)—>%—t+2y
fi= ) > —1+2) 2.19)
> solve(X = yI[n-11+£(t[n], X)*h, X);
-2y _—h+2ht
L = " (2.20)
B 2 -14+2h
> N := 30; h := 1/N;
N :=30
1
hi=— 2.21
i M @.21)
> t[0] := O0;
y[0] :=1;
for n to N do
t[n] := t[n-1]+h;
y[n] := (1/2)*(-2*y[n-1]-h+2*h*t[n])/ (-1+2*h)
end do;
t0=
Yo:=1
L
1 30




4="5
797791
Y4"= 576240
1

tS = 6
2412581
Ys°= 1613472
1

t6' 5
60717893
Y6 "= 37647680
7
t7I=E
2747364257
Y77 1581202560
4
ISIZG
._ 41394937487
8= 22136835840
3
t9:=ﬁ
207712581963
9= 103305233920

Lo = 3
1874578499363
867763964928

Yio =

140882642107201

Y11= T60743477544960
2

PR 5



 705425601828421
Y127 283469561876480
BT
13 30
 31772499038466593
Y137 11905721598812160
T
14 - 15
_ 476785914270312431
Y147 1 66680102383370240

1

hs=75
| 476785914270312431
Y15 = 155568095557812224
_8
t16 T 15
_ 107237938686930843919
Y16 = 732669300067140567040
17
L= 30
_ 1607480103635057973217
177 7457370200939967938560
3

Lig = 3
8029777681492957067109

Y18 = 134394271053183713280
_ 19
SERET)

__360913116812972431277249
19 = 789644559384233715957760

ho =73
_1081245274449180065232451
Y20 T T251004766275854404681728
P
21" 10
_26989297733516859230030987
21T 5856777879769936109240320
P
22 15
1212468525750339187713160303
245984670950337316588093440
pon 23
23 30

Yop =



_ 18154229930128376173485658753
Y237 T3443785393304722432233308160
4

lyy = 5
90598960380976644745816628357

Y24 = 16070998502088704683755438080
5

t25 T 6
_ 813783543578580932243974111405
Y25 = 134996387417545119343545679872
;oo 13
26 ° 15
_ 60910019079927486892233141482159
Y26 = 79449747119228158354048197591040
P
27 10
_303920112258355557237562494238059
Y27 = 744098819889731405652224922091520
14

8= 5
_ 13647740818697674662016366041353167
Y28 = T1852150435368719037393446727843840

29

lyy = 30
_204283943845545752154853686383800609
Y29 755930106095162066523508254189813760

by = 1
_ 203851775410626384379461882147303713
Y30 = T24201432355484595421941037243826176

7> evalf (y[N]);

(2.22)

8.423128533 (2.23)

6bvi0usly, this is possible only because the difference equation can be algebraically solved. Let us
consider next an example where the backwar Euler method requires that the difference equation is
solved at each step.

Example
We consider now the nonlinear equation y' = % —t+sin(y)-y.
[> restart;
> fi=(Ly) = —t+sin(y) -y
fi= (t,y)—>% —t+sin(y) —y (2.24)

[> N := 100: h := 1/N:



L> t[0] := 0: y[0] := 1:

> L := [[t[0],y[0]]1];
L L:=1[[0,1]]
> for n to N do
t[n] := t[n-1]+h;
y[n] := fsolve(X = y[n-1]+£f(t[n], X)*h, X);
L:=evalf([op(L), [t[n],y[n]]]);
end do:

Let us graph the numerical solution.

[> with( plots) :

E> pl := pointplot(L, color = black, symbol = box) :
> display(pl)

1,05

0 0,2 0,4 0,6 0,8

:Note that
> yIN]

0.8372782260

(2.25)

(2.26)

An exact solution to this equation does not exist. We compare our solution with that obtained by the
rkf45 method (Fehlberg fourth-fifth order Runge-Kutta method with degree four interpolant - we will

study this later), implemented in Maple.



> eq := diff(Y(T), T) = 1/2-T+sin(Y(T))-Y(T);

d 1 )
I eq = T Y(T) = > TH+sin(Y(T)) —Y(T) 2.27)
> solrk = dsolve({eq, Y(0) =1}, numeric, method = rkf45)
solrk := proc(x_rkf45) ... end proc (2.28)

The solution is calculated at our request. For example,

> solrk(3.6)

[T=3.6,Y(T) =-2.63846194068569595 ] (2.29)

We can extract the desired value of the function using the command op. Next we calculate the
difference of the function, calculated by both methods at t = 1.

> op(solrk(4)[2])[2]

| -2.96466218262903870 (2.30)
(>
> op(solrk(4)[2])[2]
-2.96466218262903870 (2.31)
> VIN]—op(solrk(1)[2])[2]
-0.0037372157 (2.32)

:which is pretty close. In order to get an idea of the relative importance of this error we plot both
| results:
> T[0]:=0:Y[0]:=1:
> L2:=] [T[O] Y[ol11l;
| L2:=1[0,1]] (2.33)
> forntoN do
Tin]=T[n-1]+h;
L2 := [op(L2), [T[n], op(solrk(T[n])[2])[2]]]
L od:
> p2 := pointplot(L2, color =red)
p2:=PLOT(...) (2.34)

:> display([pl, p2])




0 0,2 0.4 0,6 0,8 1

>

Not bad for backward Euler.

Exercise: Verify this result using DEplot command.
(>

Leapfrog Method

It is natural to expect that a more accurate approximation of the derivative will improve the resulting
finite difference approximation of the differential equation. In looking over Table 1.1, the centered
difference formula would appear to be a good choice for such an improvement because it has
quadratic error (versus linear for the first two formulas listed). Introducing this into (1.18)
dy o . \
o fli,y), for 0 <t (1.18)
dt
where
y(l) = o (1.19)

we obtain



ultivr) — ylti—a) + 2k = 2k f(t5, u(t;)). (1.53)
where
= O(k?).
Dropping the truncation error 7j , the resulting finite difference approximation is
Yo = yio1 + 26 f(t.0), for j=12.. M1  (154)

This is known as the leapfrog, or explicit midpoint, method. Because this equation uses information
from two previous time steps it is an example of a two-step method. In contrast, both Euler methods
use information from a single time step back, so they are one-step methods. What this means is that
the initial condition (1.19) is not enough information to get leapfrog started, because we also need y1.
This is a relatively minor inconvenience that will be addressed later. It is more interesting right now
to concentrate on the truncation error.

It would seem that the leapfrog method, with its O(kz) truncation error, will produce a more accurate
numerical solution than

either of the two Euler methods. As it turns out, this apparently obvious conclusion could not be
farther from the truth.

This becomes evident from our stability test. Applying (1.54) to the radioactive decay equation (1.42)
yields

i1 = W1 — QT'JIFZU;'
This second-order difference equation can be solved by assuming a solution of the form ;= 5. This

results in a
general solution the form

Yy; = sy +ays’
where B

sy = —kr£v14 k2r?

and o, and 0., are constants.
Proof:

> eq = s=% —2-rk

eq:=s= S —2rk (2.35)

. crk+ PR+, crk— PR+ (2.36)
>

Because Is—| > 1, it is impossible to find a step size k to satisfy the stability condition. Therefore, the
leapfrog method is unstable.

7> solve(eq, s);




appear in the last case.

L Exercise: Apply the leapfrog method to solve the the logistic equation. Show how unstabilities
>

V Methods Obtained from Numerical Quadrature

Another approach to deriving a finite difference approximation of an IVP is to integrate the
differential equation and then use a numerical integration rule.

This is a very useful idea that is best explained by working through an example. To get started, a time
grid must be introduced, and so Step 1 is the same as before. However, Step 2 and Step 3 differ from
what we did earlier.

Step 2. Integrate the differential equation between two time points. We will take tj and tj+1, and so
from (1.18) we have

ty41

dy .. |
Edt = flt, y(t))dt. (1.t

.fj 'fj

tg41

on
|:_|_|
e

Using the Fundamental Theorem of Calculus we obtain

tg41
yltj+1) —ylt;) = F(t y(t))de. (1.56)
. f_';‘
Step 3. Replace the integral in Step 2 with a finite difference approximation. This is where things get

a bit interesting, because there are numerous choices, and they produce different numerical
procedures. A few of the most often used possibilities are listed in Table 1.4.

Rule Integration Formula

Right Box | [T f(x)de = hf(x.41) + O(h®)

Left Box _[::"“ flz)de = hf(z;) + O(h?)

Midpoint i) f:"_J’ll fla)yde = 2hf(x;) + %f" (1)

Trapezoidal _[TJ'H fla)dr = % (flz;) + flzigq)) — %f”[?jé}

Iy ® 4

Simpson _[::"_Jrll flz)dr = % (flaip) +4F () + flz,1)) — %f””{rm

Table 1.4. Numerical integration formulas. The points x4, 29, 2a3.... are equally
spaced with step size h = r,41 — x,. The point 1; is located within the interval of
integration.

We will use the trapezoidal rule, and introducing this into (1.56) yields



'.‘.I{f',a'+1] —ylt;) = % [f':t_a'+1-'.f.s’[t.r'+1}} + f[ﬁ_;"-'ﬁi'{t_?'])] + O[A’a}- (1.57)
Step 4. Drop the big-O term. After dropping the O(k3) term in (1.57) the resulting equation is

Yigl =Y + g[iﬁl + f;), for j=0.1,2,...,M -1, (1.58)
where fj = f(tj, yj ). From the initial condition (1.19) we have that the starting value is y, = o

The finite difference equation (1.58) is known as the trapezoidal method for solving (1.18). Because
of the ]; 4 term this method is implicit, and it is not hard to show that it is A-stable. To determine the

truncation error for the method note that in (1.57) the error at each time step is O(k3). In taking M
time steps to reach t = T the resulting error is therefore M xO(k3) = O(kz).
In other words, the truncation error is tj = O(kz).

Example.

Let us see how well the trapezoidal method does with the logistic equation (1.5). Specifically,
suppose the IVP is

i . . . i
_r_; = 10y(1l —y). for 0 <t (1.30)
il
where
y(0) = 0.01. (1.31)
We shall calculate the solution for 0 <t < 1. In this case, k and M are connected through the equation
1 .
b= —. (1.32)
M )
Let us define
£> restart
> f=y—=10y-(1 —y)
L fi=y=10y (1 —y) (3.1)
(>
Let us solve the difference equation:
h
> eqi=X=2+ (5 |- +f(2):
eq::X:Z+%h(10X(1—X)+1OZ(1—Z)) 3.2)

:> sol := solve(eq, X)
1 5h—14+Y25*—10h+1+100 > Z+20hZ—100 > Z

sol = 10 W , 3.3)
1 5hA14J25K2—10h+1+100K*Z+20hZ— 100 h° 2
10 h

> Z:=y[n—1]
M



Z:=y,_, 3.4
> y[n] = sol[2]
o ShHIH 25K —10h+ 14100k, +20hy, | — 1004y,
Y, = - 10 W 3.5
i 1
> subs({n ,h 30,)’[0] },y[n])
S a2 T 12
I ) 3/ 36-|—9y0 9y0 3.6)
(>
> N := 30; h := 1/N;
N :=30
1
h=— i
| 30 3.7)
> t[0] := 0, y[0] := 0.01;
fh:=0
Yo = 0.01 (3.8)
> L= [[70].y[01]);
| L:=1[0,0.011] 3.9
(>
> for n to N do
t[n] := t[n-1]+h;
y[n] := evalf((1/10)* (5*h-1+sqrt (25*h*2-10*h+1+100*h*2*y
[n-1]4+20*h*y[n-1]-100*h*2*y[n-1]172)) /h);
L:=evalf ([op (L), [t[n],y[n]]]);
| end do:
| We now generate the plot for this approximated solution:
£> with(plots) :
> pl = pointplot(L, color = blue, symbol = diamond)
| pl :=PLOT(...) 3.10)
The exact solution is
> eq:=diff (Y (T),T)=10*Y(T)* (1-Y(T));
eq::%Y(T):lOY(T) (1 =Y(T)) 3.11)
7> exact_sol:=dsolve( {eq, Y(0)=0.01},Y(T));
exact_sol =Y (T) = ﬁ 3.12)
L 1+99e
> Yexact:=unapply (op (2, exact_sol),T);
1
Yexact =T—> ————— 3.13)
1+99¢ 107

E> p2 = plot(Yexact(T), T=0..1) :



> display([pl,p2]);
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T

> Yexact(1.) — L[30][2]

0.0015439999 3.149)

This illustrates the good accuracy of the trapezoidal method
Exercise. What is the effect of taking the other solution of the difference equation ?

Exercise. Use the trapezoidal method to solve the IVP y' = 1 t+sin(y) —y,y(0)=1. Compare

2
it with the rkf45 and backward Euler methods]
Exercise. Modify the trapezoidal method in order to obtain the finite difference equation.

Yi+1 =_y_;i+g|i3jj — fj—1), for j=1,2,.... M-1

Because this is explicit it is an example of an Adams—Bashforth method. What is the order of the
truncation error ? What about the stability of this method ? Apply it to the previous example.

Sumary of More General Methods

In this course we consider three major types of practical numerical methods for solving initial value
problems for ODEs:



* Runge-Kutta methods
* Richardson extrapolation and its particular implementation as the Bulirsch-Stoer method.
* Predictor-corrector methods.

A brief description of each of these types follows.

1. Runge-Kutta methods propagate a solution over an interval by combining the information from
several Euler-style steps (each involving one evaluation of the right-hand f’s), and then using the
information obtained to match a Taylor series expansion up to some higher order.

2. Richardson extrapolation uses the powerful idea of extrapolating a computed result to the value
that would have been obtained if the stepsize had been very much smaller than it actually was. In
particular, extrapolation to zero stepsize is the desired goal. The first practical ODE integrator that
implemented this idea was developed by Bulirsch and Stoer, and so extrapolation methods are often
called Bulirsch-Stoer methods.

3. Predictor-corrector methods store the solution along the way, and use those results to extrapolate
the solution one step advanced; they then correct the extrapolation using derivative information at the
new point. These are best for very smooth functions.

Runge-Kutta is what you use when (i) you don't know any better, or (ii) you have an intransigent
problem where Bulirsch-Stoer is failing, or (iii) you have a trivial problem where computational
efficiency is of no concern. Runge-Kutta succeeds virtually always; but it is not usually fastest,

except when evaluating f; is cheap and moderate accuracy ( < 10_5) is required.

Predictor-corrector methods, since they use past information, are somewhat more difficult to start up,
but, for many smooth problems, they are computationallymore efficient than Runge-Kutta. In recent
years

Bulirsch-Stoer has been replacing predictor-corrector in many applications, but it is too soon to say
that predictor-corrector is dominated in all cases. However, it appears that only rather sophisticated
predictor-corrector routines are competitive. Practice shows that relatively simple Runge-Kutta and
Bulirsch-Stoer routines are adequate for most problems.

Each of the three types of methods can be organized to monitor internal consistency. This allows
numerical errors which are inevitably introduced into the solution to be controlled by automatic,
(adaptive) changing of the fundamental stepsize. It is always recommended that adaptive stepsize
control be implemented, and we will do so below.

In general, all three types of methods can be applied to any initial value problem. Each comes with its
own set of debits and credits that must be understood before it is used.

Runge-Kutta Methods

Until now, Euler method was used to illustrate many concepts in the theory of numerical ODEs.
However, as illustrated in the previous sections, there are several reasons that Euler’s method is not
recommended for practical use, among them, (i) the method is not very accurate when compared to
other, fancier, methods run at the equivalent stepsize, and (ii) neither is it very stable.

An extraordinarily successful family of numerical approximations for IVPs comes under the general



classification of Runge—Kutta (RK) methods. The derivation is based on the question of whether it is
possible to determine an explicit method for finding yj+1 that only uses the value of the solution at tj
and has a predetermined truncation error.

The idea of Runge-Kutta methods (Peter Stone)
The idea of Runge-Kutta methods for solving differential equations of the form % =f(x,y)

numerically is to sample the function at several points and use the resulting information to calculate
Vi 4+ 1 from y, as accurately as possible when x increments from x; to x, , | =x, +h.

In the special case of a differential equation of the form % =f(x) we have

x +h
k
yk+1=yk+ f(x) dx.
xk
x +h
k

In this cas it is possible to estimate y, . | by evaluating the integral f(x) dx by numerical

x
k

integration. This involves evaluating f (x) for various values of x in the interval from x, to
X, 41 =X+ hto give a sequence of valuesf), f,, ..., f.
The estimate for y, then has the form

yk+1=yk+(b1fl—|-b2f2+ +fsbs) h.

Runge-Kutta methods method may be regarded as being roughly analagous to the previous process.
In this more general case f (x, y) is evaluated for various values of x in the interval from x; to

X, 4 1 =%+ h and "suitable" corresponding values of y to give a sequence of valuesf, f,, . .., f.
The estimate for y, then has the form

yk+1=yk+(blfl—|-b2f2+ +fsbs) h.

Improved Euler Method or Heun Method

Let us start with the Taylor expansion
2 3
h

1 n h m
Vig1=n Ty (6) + Sy (n) + 570" (8)
where x ; < &i <x,;, Since y',=f (ti , y(tl.) ), dropping the truncation error term we have

2
e =0 (1 (1) 5T (10 3(1))

We now approximate f' using the forward difference (which has a truncation error O( h2) ),

F(tigr-Y(tigr)) —F(t2(
(g = L) =T 00()

Thus,



h
Yit1=n T E(f(ti’yi) T(tiv1:Yi1))
Using y, =y, + hf(tl.,yl.) we finally get

yi+1=yi+%(f(ti’yl') +f(ti+1’yi+hf(ti,yi)))

There is an interestig geometrical interpretation for this formula. Starting at a point( lys yo), we first
make an Euler step to obtain a point( 1,y a).

Then we find the gradient of the tangent to the solution curve through( [,y a), and follow a line
parallel to this tangent starting at the point( ly yo) until meets the vertical line 7 =1¢,. If this new point

Va1 o
of the two y values we have calculated. This gives

is ( fs yb), we take y, to be the average

the next point( [,y 1) of the discrete numerical solution.

,,/
; (t1,ya)

,;,(tl,Y1
: (t1,yb)

. (to,Yo)

y=y()

X0 X 1= X+ h

We now compute f, =f(t,, y,) followed by f,=f(t.,y,+f, h), wheret, =¢, + h.
1 00 2 rYo /1 1=%

Then

hitf
yl=y0+( 12 zjh

Example. We consider again the example of the logistic equation:



L,>> restart
[> with(plots) :

> eq:=diff(y(t),t)=10*y(t)*(1-y(t));

3=G;YU)=NUWH(1—YUU

> exact_sol:=dsolve( {eq, y(0)=0.01}, y(t));
1
C1499e710!

> Yexact:=unapply (op (2, exact_sol),t);
1

1 +99¢ 107

exact_sol := y(t)

Yexact :=t—

> £ := y —> 10*y*(l-y);
f=y=>10y (1 —y)

We now compare the errors:

> error_euler4d := proc (M)
local k, j, L, ye;
k := 1/M; ye[0] := 1/100;
for j from 0 to M-1 do

end do;
evalf[30] (abs (ye[M]-Yexact (M*k)))
end proc:

> error_rk2 := proc (M)

local k, j, L, ye, yrk2,kl,k2;

Digits:=19;

k := 1/M;

ye[0] := 1/100;yrk2[0] := 1/100;

for j from 0 to M-1 do
kl:=evalf (k*f (yrk2[]j]));
k2:=evalf (k*f (yrk2[j]l+kl));

> error_rk2(1000);error_euler4d (1000);
5.233913734172 107

B 0.000017992526604778074406902162

> Pl:=loglogplot ([seq([k, error rk2(k)], k =

1000) ], style = point,color=black):

yrk2[j+1] := yrk2[jl+evalf((1/2)* (k1l+k2));
od;
evalf (abs (Yexact (M*k) -yrk2[M]));
end proc:

ye[j+l] := evalf[19] (ye[jl+10*k*ye[]j]* (1-ye[]]))

10000,

S.1)

5.2)

5.3

5.4

5.5



> P2 := loglogplot([seq([k, error_euler4d4(k)], k = 500 .. 10000,
L 1000) ], style = point, color = red):
> display ({P1,P2});

i
1, % 10751 ¢
&
5, % 10767 ®
&
&
&
&l o & o
1,x 106
5,x 1077
&
1,x 10777 .
-8
5,%x 10 &
&
&
&
1,x 108~ s
&
| I ] ] ] I ] &
600 8001000 2000 4000 6000 8000
>
This shows the much better accuracy of the rk2 method, relative to Euler's method.
Example
Let' s consider the following IVP:
[ d o+ oo ymy=1.
dx X

[The exact solution is:
[> restart:

> eq:= diff (y(x),x)+y(x)/x—-x*3*cos(x)*2 = 0;

eq = % y(x) + y(x_x) - cos(x)2:0 (5.6)

> exact_sol:=dsolve( {eq, y(1)=1}, y(x));

8.7



exact_sol :=y(x) = 4—10 % ( 10" sin(2 x) +20 ¥ cos(2x) —30 ¥ sin(2 x) + 15 sin(2 x) (5.7
B —3Oxcoﬁ2x)+4x5+36+5shu2)+1000q2ﬂ
Let us solve this problem using the methods of Euler and rk2 in the interval 1=[1,10], with M=50,
so h = 9/50, and compare with the exact solution.
| Let us start with Euler method:
> M := 50.; X :=10.;
M = 50.
X :=10. (5.8)

> h:=(X-1)/M; y[0]:=1.; x[0]:=1.;
h = 0.1800000000

Vo= 1.
X, = 1. (5.9)
7> f:=—-y/x+x"*3*cos (x) *2;
fi= —% + 5 cos()c)2 (5.10)
> Fi=unapply(£,x,y);
F:=(xy)—- % + 5 cos(x)2 (5.11)

> L1:=[[x[0],y[0]1]:

> for i from 1 to M do

> yl[i]:=y[i-1]+h*F (x[i-1],y[i-1]);
> x[i] :=x[0]+i*h;

> Ll:=[op(Ll), [x[i],y[i]]];

| > od:

[Now we use rk2

> 12:=[[x[0],y[0]]]:

> for i from 1 to M do

>  yplil:=y[i-1]+h*F (x[i-1],y[i-1]);
yl[il:=y[i-1]+(h/2)* (F(x[i],yp[i])+F (x[i-1],y[i-1]));
x[i] :=x[0]+i*h;

L2:=[op(L2), [x[i],y[il1];

vV VYV

| > od:

| We now make the graphs:
[> with (plots) :
> ql
> g2
[> yex:=op (2, exact_sol):

pointplot (L1, color black, symbol

blue, symbol

box) :

circle):

pointplot (L2, color

[> Yex:=unapply (yex, x) :
[> g3:=plot (yex,x=1..10, color=red) :



> display([gl,g2,93]);

1200+

1000+

800+

600

400~

Percentual errors

7> Error euler:= evalf (abs((op(2,o0p(nops(Ll),Ll))-Yex(10))/Yex
(10) *100));

| Error_euler :=3.505242990 (5.12)
> Error_rk2:=evalf (abs((op (2, op(nops(L2),L2))-Yex(10))/Yex(10)*
100));
Error_rk2 :=0.1375715724 (5.13)

>
This again shows the relative good accuracy of the method.
Exercise: Examine the the error along the the interval [1,10] for both methods. What is your

conclusion ?
General Second Order Runge-Kutta Method

We consider the derivation of coefficient systems for order 2 Runge-Kutta schemes for constructing
numerical solutions for the differential equation



The plan is to consider the general form
y(t+h)~ y(t) +(su1+wu2)h ——————— @),
where
u] =f(t’ }’),
and
u2:f<t0+(xh,y0+[3u1h).

Then find values of the coefficients s, w, o,  so that this best approximates y(z + &) to the 2nd order.

Given

dy _
dt - (t’y)’

we find a 2nd order Taylor approximation to the solution y(¢) and make a list of the coefficients of
the various partial derivatives of f (7, y(7)).

The Taylor series expansion of the solution y =y(¢) aboutt is:

2
y(t4h)=y(t) +y'(t) h+y "(1) % S — (ii).

Note that y '(¢) can be replaced by f (¢, y).
We need to find expressions for the 2nd derivative in terms of the gradient field f (¢, y).

The chain rule for functions of two variables gives:

%f(t,y) =%f(f’y) t (%f(t’y)) (%)

0

_ 0 9
= o T+ (5 e |7y

ot

=ft(X,y) +fy(t,}’)f(t,y)

0 0
This formula involves the partial derivatves o f(t,y)=1f(t,y)and — f(1,y) =f (2, y).

0 dy y
This can be achieved with Maple as follows.
£> restart
> fty = £(t,y(t)):
L fty_ := f(t,y):
> Diff (fty,t);
1
= ft (1)) (5.14)
B dr
> " =value (%);
d
=D, (f) (£, y(1)) +D,(f) (£, (1)) (E y(t)) (5.15)
7> “Y=subs (diff (y(t),t)=fty,rhs(%));




L =D, (f) (£, y(1)) +D,(f) (£, y(2)) f (2, y(1)) (5.16)
> dfty := rhs(%);
dfty:=D,(f) (£, y(2)) +D,(f) (£, y(2)) f (£ y(1)) (5.17)

Here

0
Tf ) and D, (f)(t,y(t)):@f(t,y).
y(t+h) —y(1)

D,(f) (£, y(1)) =

Now consider the approximation for < obtained from the Taylor series (ii) including

h
terms up to the term in h , namely
W =Ly o) 4y (1) e G,

In Maple we have
> fty + dfty*(h/2);

second_order := expand(%);

(5 y(1)) +% (Dy(f) (&, y(2)) +D,(f) (£, y(2)) f(1,y(2))) h
second_order:={ (1, (1)) + o hDy(f) (6, (1)) + 5 hD,(/) (6¥(0) f(Ly(1)  (B.18)

[Next we set up a list whose members are f (x, y(x) ) and partial derivatives of f (x, y(x)).

> vars := [f(t,y(t)),D[1](f) (t,y(t)),D[2](£) (t,y(E))];
vars = [ f(6,y(1)), Dy (f) (£ y(2)), D,(f) (£, (7)) ] (5.19)

7Regarding the expression second_order as a polymomial in these variables we can disect the list into
| 3 terms with coefficients of the form rh", where ris rational.
> collect (second_order,vars,distributed);

fmwn+%hquumwn+%h%uuwmuuﬂm (5.20)
7> Cl := [coeffs(%,vars, 'terms')];
|, L, 1
cl ._[1, > h} (5.21)

[These coefficients correspond to the terms:
> [terms];

[f(6y(0)), Dy (f) (£ y(2)), D,(f) (£, y(2)) f (2, y(2)) ] (5.22)

| Now we calculate the corresponding coefficients for the general Runge-Kutta 2nd order scheme.
| We have
y(t+h) ~y(t) + (su;+wuy) h,

[where
[ “1=f(t,y),
[ u2:f<t+(xh,y+[3ulh).

[We have



L y(t+h])1—y(t) ~Supt W, - (iv)
[Let
[ vi=u, =f(ty),

Land let v, be the 2nd order Taylor series approximation for u,.

v, is obtained by calculating the 2nd order Taylor series of f(t+alpha*h,y(t)+beta*v[1]*h), and then
| converting to a polynomial (dropping O(h”2)).

> v[1l] := £(t,y(t));
v =f(1y(1)) (58.23)
> v[2] := convert (taylor (f(t+alpha*h,y(t)+beta*v[1l]*h), h,6 2),
polynom) :
'v[2] '=v[2];
v, =f (1, y(1)) + (Dl(f) (6, y(1)) oo +D,(f) (£, y(1)) Bf(t,y(t))) h (5.24)

Now o v, + [ v, repesents the approximation for ot u; + 3 u, obtained on replacing u, by the order 2
Taylor series approximation v,.

> s*v[l]+w*v[2];
sF () +w (f(6y(0) + (Dy(f) (63(1) a+Dy(f) (6y(1)) BfLy(1)) h)  (5.25)

> collect (%,vars, 'distributed’);

wBAD,(f) (Ly(t)) f(t,y(t)) + (s+w)f(t,y(t)) +wD,(f) (£, y(1)) oh (5.26)
> C2 := [coeffs(%,vars, 'terms2')];
C2:= [s—l—w,w(xh,th] (5.27)

Referring to the approximations (iii) and (iv) for

y(t+ h})l — (1) , we now equate these coefficients

| with those found previously and solve.
| Note that there are 5 variables (4 Runge-Kutta coefficients and %), and 3 equations.

7> eqns := {seq(Cl[i]=C2[i],i=1..nops(Cl))};
eqns:={l=s+w,%h=woch,%h=w[3h} (5.28)

7> solns := [solve(eqns)];

solns::[{h:O,s:l—w,w:w,oczoc,Bzﬁ}, {h:h,s=1—w,w=w,(x:21—w,[3 (5.29)

=2 ]

ERuling out the trivial solution with 2 =0, we have only the one non-trivial solution:

s+w=1, a=p



L _ 1
2w
Let us consider three important solutions:

1
1. = = = :1.
S=w 5 o=0

Here the equations

y(t+h)=y(t) + (sul +wu2) h,
ul =f(t7y)7
u2=f<t+och,y+[3ulh).

become

1

Y ) =3(0) 4 5 £163) + 5 S+ by +f(13)h) | b

This is the improved Euler method or Heun method, seen previously.
2.5=0, w=1, OL:[3:2L

Now we have

Yt ) =y(0) + (14 Sy + 5 St y) ] b
which is called the Modified Euler method, or classical Runge-Kutta mid-point method
3.s=i w=i Oc=[3=l
4° 4’ 3
Now
y(t+h)=y(t) + (L u, + 3 u ) h
4 1 4 72)7
u] :f(t, )’),
2 2

uzzf(H- 3 h,y+ 3 ulh).
or

1 3 2 2

Y h) =y + () + 5 f{i+ 5 oyt S Ay h) b

This is called the two-thirds method. It can be shown that the bound error is minimum in this case
(V. A. Patel, Numerical Analysis, Saunders College Pub., p. 248). A similar derivation can be found

in http://www.solvingproblems.ethz.ch/downloads.html#19

Exercise. Solve the IVP

%:—tyz, y(0)=2, 0<t<1.

using the three methods described above and compare with the exact solution.

Exercise. Consider the differential equation
y .
—— =sin(t) —y,
7 (1) —y
with the initial condition y(0) =1.
(a) Find an analytical solution for the differential equation with the given initial condition.
(b) Find a discrete numerical solution for the differential equation with the given initial condition



over the interval from 7 =0 to =5 using the two-third method method with 20 steps.
(c) Plot a graph to compare the discrete numerical solution with the analytical solution.

Classical Runge-Kutta order 4 method (Peter Stone)

The following is an alternative description in terms of the four values f;, f,, f; and f, of the slope field
f(t, y) needed to progress from a point( by yk) on the approximate solution curve, to a new

point(thr 1 Vet 1), with Y h.

Compute successively:

£ =1 (1 20)-
Ae(ir Foetn ()

h h
Aot g ones (3]
and
f4:f(tk+h,yk+f3h).

Then
fi+24+24+f,
yk+1:yk+(1 26 3 4)h

The classical Runge-Kutta order 3 and 4 methods via dsolve

' We can repeat the example considered previously where the classical Runge Kutta order 4 method is
| used to obtain an approximate numerical solution for the differential equation

dy _
ot sin(y(x) ),

over the interval from x =0 to x = 1 with the initial condition y(0) =1, and step-size h = 2—10

' Note: The option "method=classical[rk3]" can be inserted in place of "method=classical[rk4]" to
| obtain a solution by the classical Runge-Kutta order 3 method.

> de := diff(y(x),x)=x*sin(y(x));
ic := y(0)=1;
left := 0;
right := 1.;
numsteps := 20;
h := (right-left) /numsteps;

dsolve ({de, ic}, numeric,method=classical[rk4],
output=array ([seq(h*i, i=0. .numsteps)]), stepsize=h):
soln := convert (map (evalf,%$[2,1]),1listlist);

de = d

. y(x) =xsin(y(x))




ic:=y(0)=1
left =0
right .= 1.
numsteps := 20
h := 0.05000000000
soln :=[[0., 1.], [0.05000000000, 1.001052194 ], [0.1000000000, 1.004213031 ], (5.30)
[0.1500000000, 1.0094952351, [0.2000000000, 1.016919872], [0.2500000000,
1.0265161231], [0.3000000000, 1.038320952 1], [0.3500000000, 1.052378634 ],
[0.4000000000, 1.068740126 ], [0.4500000000, 1.087462246 ], [ 0.5000000000,
1.108606603 ], [0.5500000000, 1.132238261 ], [0.6000000000, 1.158424050],
[0.6500000000, 1.1872305121, [0.7000000000, 1.2187213961], [0.7500000000,
1.252954688 ], [0.8000000000, 1.289979126 ], [0.8500000000, 1.329830225],
[0.9000000000, 1.372525809 1, [0.9500000000, 1.418061171], [ 1.000000000,
1.4664039701]

' The points of this discrete numerical solution can be plotted along with the curve for the analytical
| solution

> dsolve({de, y(0) = 1}, y(x));

y(x) =arctan 2e - sin(1) (—12+cos(1)) - ’ (5.31)
12 1p 12
—sin(l)z—Z(ez ) +2(e2 )cos(1)+(e2 ) sin(1)2
1 ~\2 1 57\2 1 ~\2
L. Lo 1o
i 2(e2 )cos(l)—i—sin(l)z-l—(ez )s1n(1)2—2(ez )
1 2 1 \2 1 ,\2
L2 12 12
. —sin(l)z—Z(ez ) +2(e2 )Cos(1)+(ez ) sin(1)
> exact_sol:=simplify(rhs(%));
1
Lo
2t 2 2
exact_sol = arctan | - 2e sin(1) _cos(l)+e cos(l) —e¢ +1 (5.32)

-cos(1) +e"2005(1) —e)‘z—l ’ -cos(1) +e"2005(1) —e)‘z—l

> plot([soln$3,exact_sol],x=0..1,style=[point$3,1line$2],
color=[black,green$2, red], symbol=[circle,diamond, cross],
scaling=constrained);




E> ;
Exercise. Implement the classical RK4 method algorithm and solve the IVP
% =P, y(0)=2, 0<r<l.

using the three methods described above and compare with the exact solution. Compare the result
. with the solution obtained with Maple’s dsolve command with classical[rk4].

V Taylor Series Method

V First order ode's (taylorl)
Let us consider the IVP
y'=f(ty),a <t yla) =y(0)=y,.
Later we shall generalize the method for higher order ODE's.
Let us take, for example, f (7, y) =sin(¢) y. We shall derive this function many times.

[> restart:
> f:=sin(t)*y(t);
J=sin(1) y(1) (6.1.1)




Now we can introduce a two-variable function G, which will be used later to determine the
| points of the solution.

> F:=subs(y(t)=Y, £);
F:=sin(t) Y (6.1.2)

> G:=unapply(F,t,Y);
i G:=(t,Y)—sin(t) Y (6.1.3)
The next derivative will be y". We repeat the above procedures to obtain

> dy2:=diff (f,t);

dy2 :=cos(t) y(t) +sin(t) (% y(t)) (6.1.4)
> dy2:=subs (diff (y(t),t)=£,dy2) ;
. dy2 = cos(t) y(t) + sin(#)? y(t) (6.1.5)
7> Dy2:=subs (y (t)=Y,dy2);
. Dy2:=cos(1) Y +sin(1)* ¥ (6.1.6)
7> DY2:=unapply (Dy2,t, Y);
DY2:= (1, Y) —cos(t) Y +sin(1)> Y (6.1.7)

> dy3:=diff(dy2,t);

dy3 := -sin(t) y(t) + cos(t) (% y(t)) + 2 sin(t) y(t) cos(t) + sin(zf)2 (% y(t)) (6.1.8)

> dy3:=subs(diff(y(t),t)=£f,dy3);

| dy3 := -sin(t) y(t) + 3 sin(t) y(t) cos(t) + sin(t)3y(t) (6.1.9)
> Dy3:=subs(y(t)=Y,dy3);

. Dy3:= -sin(1) Y+ 3 sin(r) Ycos(r) +sin()’ ¥ (6.1.10)
> DY3:=unapply(Dy3,t,Y);

. DY3:= (1, Y) = -sin(¢) Y+ 3 sin(1) Ycos(r) +sin()’ ¥ (6.1.11)

| Let us take the step h =0.05 with initial condition y(1) =2 :

[> h:=0.05:

[> T[1l]:=1:Y[1l]:=2:

[The iteractive processo is now given by

> L:=[[T[1],Y[1]]]:

> for i to 100 do

> Y[i+l] :=evalf(Y[i]+h*G(T[i],Y[i])+h*2*DY2(T[i],Y[i])/2+
h~3*DY3 (T[i],Y[i])/6);
T[i+1l] :=T[i]+h:
L:=[op(L), [T[i+1],¥Y[i+1]]]

> od:

| > L:

| Let us generate a plot of the result:

[> with (plots) :

[> dl:=pointplot (L) :




LIn order to verify the accuracy of our result, let us compare it with the exact solution:
> eq:=diff (y(tt),tt)-sin(tt)*y(tt);

eq = a4 y(tt) — sin(tt) y(1t) (6.1.12)
| drt
> ss:=op(2,dsolve({eq,y(1)=2},y(tt)));
) e—cos(tt)
S8 = W (6.1.13)

> ssf:=unapply(ss, tt);
o) e—cos(tt)

ssfi=tt— W

(6.1.14)

[> d2:=plot (ss(tt),tt=1..6):
> display([dl,d2]);

1 2 3 4 5 6
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EThe biggest percentual error in the grid is:
> erro3:=seq(abs(evalf ((Y[j]l-ss£(T[j]))*100/ss£(T[j]1))), I=1.
.100) :

> max (erro3);

(A1 1)



t 0.002044392166 (6.1.15)

[VVesunnnaﬂzetheaboveconnnandshla[nocedure
[> restart
[> with (plots):
> taylorl:=proc(f,n,h,t0,y0)
local dy,DY,Dy,i,dys,F,T,Y,L,G,m F2,aa,dl,eq,ss,ssf, d2,
erro3;
F:.=f;
F2:=subs(y(t)=Y,£f(t));
G:=unapply(F2,t,Y);
for i from 2 to n do
dy[i] :=diff (F,t);
dys[i] :=subs (diff(y(t),t)=£f,dyl[i]);
Dy[i] :=subs (y(t)=Y,dys[i]);
DY[i] :=unapply (Dy[i], t,Y);
F:=dys[i];
od;
T[1]:=t0:Y[1]:=yO0:
L:=[[T[1],Y[1]]]:
for i to 100 do
aa:=evalf (add (h*m*DY[m] (T[i],¥Y[i])/(m!),m=2..n));
Y[i+l] :=evalf (Y[i]+h*G(T[i],Y[i]) +aa);
T[i+1]:=T[i]+h:
L:=[op (L), [T[i+1],Y[i+1]]];
od:
dl:=pointplot (L) ;
eq:=diff(y(t),t)-£;
ss:=op (2,dsolve ({eq, y (t0)=y0},y(t)));
ssf:=unapply(ss,t):
d2:=plot(ss(tt),t=1..6):
> erro3:=seq(abs(evalf ((Y[j]-ssf(T[j]))*100/ss£(T[3]))), =
1..100):
return [max(erro3),display([dl,d2])];
> end:
[> Digits:=20:
[> with(plots) :
> f:=sin(t)*y(t);

L fi=sin(¢) y(t) (6.1.16)
> taylorl(f,8,0.05,0.5,1) [1];
4.7580247315366462856 107" 6.1.17)

> taylorl(£,6,0.05,0.5,1)[2];




V Second order ode's (taylor2)

Consider the second order IVP
y =Y. v(X%) =Ye Y =y -
We can rewrite this equation as a system of two coupled first order DE. Defining

Yo

we have

u'=F, u(xo) = U
The previous method can now be applied to y e v simultaneously. Let us consider, for example, in
the interval [1,2], the IVP:

y'=y—x, y() =1, y(=1.
Such problem has an exact solution, so we can measure the performance of the method in terms
of its accuracy. We define v=y'e y"=v'= f. We write a sequence of commands which list
and plot the numerical and exact solution solution, and calculate the maximum error in the grid.




f:=y(x)-x"2;
F:=subs (y (x) =Y, £f);

FO:=[v(x), f],;
FO = [v(x), y(x) =]
FF£f0:=unapply (subs ({v(x)=V,y(x)=Y},FO0),x,Y,V);
FFf0:= (x,Y,V)—[V, Y — ]
Fl:=diff (FO,x);
d d

Fl:= a v(x), E y

FFl:=subs ({diff (v (x),x)=f,diff(y(x),x)=v(x)},6 F1);
FFI := [y(x) —xz, v(x) —2x]
FF£fl:=unapply (subs ({y (x)=Y,v(x)=V}, FFl) ,x,Y,V);
FFfl:= (x,Y, V)= [Y—x V—2x]
F2:=diff (FF1l, x);
F2

(x) —2x

d d
= dxy()c) 2x,dxv(x) 2

FF2:=subs ({diff (v (x),x)=f,diff (y(x),x)=v(x)]},6 F2);
FF2:= [v(x) —2x,y(x) —x2—2]
FFf2:=unapply (subs ({y (x)=Y,v(x)=V}, FF2) ,x,Y,V);
FFR:=(x,Y,V)>[V—2x Y —x*—2]
x0:=1;xn:=2;y0:=1;dy0:=1;

x0:=1

xn =2

y0 =1

dy0 =1
h:=0.1,;

h:=0.1
n:=trunc ((xn-x0) /h);

n:=10
Y[1]:=x0;X[1]:=y0;V[1l] :=dyO0;

ﬂ}:l

X, =1

V=1

with (plots) :

for i from 1 to n do

Y[i+1] :=Y[i]+h*FF£0 (X[i],Y[i],V[i]) [1]+ (h*2/2) *FFfl (X

(6.2.1)

(6.2.2)

(6.2.3)

(6.2.4)
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(6.2.6)

(6.2.7)
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(6.2.9)

(6.2.10)

(6.2.11)

(6.2.12)

(6.2.13)

(6.2.14)



[i]1,Y[i],V[i]) [1]+
(h~3/3!')*FF£2 (X[1i],Y[i],VIi]) [1];
V[i+l]:=V[i]+h*FF£0(X[i],Y[1i],VI[i]) [2]1+(h*2/2)*FFfl (X
[i1,Y[i],VI[i]) [2]+
(h~3/3')*FF£2 (X[1i],Y[i],VIi]) [2];
X[i+1l] :=X[4i]+h;
od:
L:=[seq([X[k],Y[k]], k=1..n+1)]:
eq:=diff (y(x),x$2)=y(x)-x"2:
ss:=op(2,dsolve({eq,y(X[1])=Y[1],D(y) (X[1])=V[1]},y(x)));
ssf:=unapply(ss, x) :
erro:=seq(abs(evalf ((Y[j]—-ss£f(X[j]))*100/ssf(X[j]))),j=2..
n+1l);
max (erro) :
dl:=pointplot (L) :
d2:=plot (ssf (x),x=X[1]..X[n+1]):
display([dl,d2]);

erro :=0.00076552773795078400816, 0.0014844475987889838122,
0.0021920997984031382525, 0.0029186453904266124940,
0.0036923483990586580305, 0.0045423583737813892493,
0.0055015249649220587763, 0.0066097759870520527325,
0.0079187669831457931966, 0.0094989539089637736838
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[ Let us now build a procedure
> taylor2:=proc(f,n,h,x0,y0,dy0, xn)

local i,Y,X,V,FF,N,F,FFf, k,FO,L,FF£0,F1,FF1;
Y[1]:=x0;X[1]:=y0;V[1l] :=dyO;

N:=trunc ((xn-x0) /h);

F:=subs (y(x)=Y, f);

FO:=[v(x), £f];
FF£f0:=unapply (subs ({v(x)=V,y(x)=Y},FO0),x,Y,V);
Fl:=diff (FO, x);

FF1

:=subs ({diff (v (x),x)=£f,diff(y(x),x)=v(x)},6 F1);

FFf[1l] :=unapply (subs ({y(x)=Y,v(x)=V},FFl) ,x,Y,V);

for i from 1 to n-1 do
Fl[i+l] :=diff (FF[i], x);
FF[i+1l] :=subs ({diff (v (x) ,x)=f,diff (y(x),x)=v(x)}, F
[i+1]);

v);

FFf[i+1l] :=unapply (subs ({y(x)=Y,v(x)=V}, FF[i+l]) ,x,Y,



od;
for k from 1 to N do

X[k+1]:=X[k]+h;
od:
L:=[seq([X[k],Y[k]], k=1..N+1)]:
pointplot (L) ;
end:

[> with (plots):
[> n:=5:
> f:=y(x)*3-x*3+6*sin(y(x));
Ff=y(x) —x +6sin(y(x))
> taylor2(f,n,0.01,1,1,1,2);
144

Y[k+1] :=evalf (Y[k]+h*FF£0 (X[k], Y[k],V[k]) [1]
+add (h*j/ (3!) *FF£[j-1] (X[k],¥[k],V[k]) [1],3=2..n));
V[k+1] :=evalf (V[k]+h*FF£0 (X[k],Y[k],V[k]) [2]

+add (h*j/ (3!)*FFE£[j-1]1 (X[k],Y[k],V[k]) [2],3=2..n));

o -

(6.2.15)



Exercises.

1. Compare the Taylor series method with O(h4) truncation error method with RK4 for a
second order IVP. Show an error analysis.

2. Write a Taylor series procedure method for a system with an arbitrary number of equations
(defined by the user).



